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Abstract. A squarefree module over a polynomial ring S = k[x\, . . . , x n ] is 
a generalization of a Stanley-Reisner ring, and allows us to apply homological 
methods to the study of monomial ideals more systematically. 

The category Sq of squarefree modules is equivalent to the category of finitely 
generated left A-modules, where A is the incidence algebra of the Boolean lat- 
tice The derived category D b (Sq) has two duality functors D and A. 
The functor D is a common one with iT(D(M*)) = Extg + *(M', u s ), while the 
Alexander duality functor A is rather combinatorial. We have a strange relation 
DoAoDoAoDoA = T 2 ™, where T is the translation functor. The functors 
A o D and D o A give a non-trivial autoequivalence of D b (Sq). This equivalence 
corresponds to the Koszul duality for A, which is a Koszul algebra with A- = A. 
Our D and A are also related to the Bcrnstcin-Gerfand-GePfand correspondence. 

The local cohomology H} A (S) at a Stanley-Reisner ideal Ia can be constructed 
from the squarefree module Ext^S'/lA, ^s)- We see that Hochster's formula on 
the Z"-graded Hilbert function of H^S/Ia) is also a formula on the characteristic 
cycle of H™~ l (S) as a module over the Weyl algebra A = k(xi, . . . , x n , d\, . . . , d n ) 
(if char(fc) = 0). 

1. Introduction 

The Stanley-Reisner ring of an abstract simplicial complex A C 2^- 1 ' ,,, ' n \ which 
is the quotient of a polynomial ring S = k[x\, . . . , x n ] by the squarefree monomial 
ideal Ia, is a central concept of combinatorial commutative algebra (see I7JE2J). br 
|24j . the author defined a squarefree N n -graded S- module. A Stanley-Reisner ring 
S/Ia, its syzygy module Syz^S/I^), the canonical module u>s, and Ext l s (S/I&, u>s) 
are always squarefree. Using this notion, we can treat Stanley-Reisner rings and 
related objects in a categorical way, see HS1 CHI EOl EH ESI ESI EZ| • In the present 
paper, we will study the derived category of squarefree modules. 

Let Sq 5 (or simply Sq) be the category of squarefree S'-modules and their degree 
preserving maps. Then Sq is equivalent to the category of finitely generated left 
A-modules, where A is the incidence algebra of the Boolean lattice 2^ 1 ' " ,n ^. 

Let -D fe (Sq) be the derived category of bounded complexes in Sq. We have con- 
travariant functors D and A from D b (Sq) to itself satisfying D 2 = A 2 = Id^gq). 
If M is a squarefree module, so is Ext^(M, cus). Moreover, for M' G D b (Sq), we 
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can define D(M') G £> 6 (Sq) with iP(D(M*)) = Ext" +i (M', co s ) in a natural way, 
see Proposition 13.21 On the other hand, extending an idea of Eagon- Reiner jH] , 
Miller (THj and Romer j20] constructed the Alexander duality functor A on Sq. 
Since A is exact, we can regard it as a duality functor on D b (Sq). 

Using D b (Sq), we can get simple and systematic proofs of many results in [T^l 
12H I2H 123 • Moreover, we prove a strange natural equivalence 

DoAoDoAoDoA = T 2n , 

where T is the translation functor on D b (Sq). 

Let E = /\ SI be the exterior algebra. A squarefree module over E, which was 
defined by Romer [20], is also a natural concept. The category Sq £ of squarefree 
^-modules is equivalent to Sq s in a natural way. A famous theorem of Bernstein- 
Gel'fand-Gel'fand [4 states that the bounded derived category of finitely generated 
Z-graded S-modules is equivalent to the bounded derived category of finitely gener- 
ated Z-graded left i^-modules. The functors defining this equivalence preserve the 
squarefreeness, and coincide with A o D and D o A in the squarefree case under the 
equivalence Sq s = Sq E . We have another relation to Koszul duality. The incidence 
algebra A of 2^ 1, ""' n ^ is a Koszul algebra whose quadratic dual A ! is isomorphic to A 
itself. The functors A o D and D o A give a non-trivial autoequivalence of D b (Sq). 
This equivalence corresponds to the Koszul duality D b (modx) — -D^mod^i). 

In the last section, under the assumption that char(/c) = 0, we study modules 
over the Weyl algebra k(x%, . . . , x n , d%, . . . , d n ) associated to squarefree modules 
(e.g., the local cohomology module H\ AS)). Especially, we give the formula for 
their characteristic cycles. 

After I received the referee's report for the first version, I widely revised the 
paper. Among other things, Proposition 14.61 is a new result of the second version 
which was submitted in September 2001. The present version is the fourth one, in 
which some proofs and expositions are revised. 

2. Preliminaries 

Let S = k[xi, . . . ,x n ] be a polynomial ring over a field k. Consider an N n - 
grading S = aeN n S a = aeN n kx a , where x a = nLi^f is tne monomial with 
the exponent a = (a 1; . . . , a n ). We denote the graded maximal ideal (xi, . . . , x n ) 
by m. For a Z n -graded module M and a e Z n , M a means the degree a component 
of M, and M(a) denotes the shifted module with M(a) b = M a+b . We denote 
the category of S-modules by Mod, and the category of Z n -graded S'-modules by 
*Mod. Here a morphism / in *Mod is an S'-homomorphism f : M —> N with 
/(M a ) C Af a for all a G Z n . See [HI for information on *Mod. 

For M,N G *Mod and a G Z n , set *Hom 5 (M,A^) a := Hom* Mo d(M, N(a)). 
Then 

* Hom 5 (M, AT) := * Hom 5 (M, N) a 

aeZ™ 

has a natural Z n -graded 5*-module structure. If M is finitely generated, then 
* Honis^M, N) is isomorphic to the usual Hom^M, N) as the underlying 5-module. 
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Thus, we simply denote * Horns (M, N) by Horns (M, N) in this case. In the same sit- 
uation, Ext 5 (M, N) also has a Z n -grading with Ext 5 (M, N) a = Ext! Mod (M, N(a)). 

For a G Z n , set supp + (a) := {i | a, > 0} C [n] := {1, . . . , n}. We say a G Z n 
is squarefree if a, = 0, 1 for all % G [n]. When a 6 Z™ is squarefree, we sometimes 
identify a with supp + (a). Let A C 2^ be a simplicial complex (i.e., A ^ 0, and 
F G A and G <Z F imply G G A). The Stanley- Reisner ideal of A is the squarefree 
monomial ideal I a := {x F \ F ^ A) of S. Any squarefree monomial ideal is the 
Stanley- Reisner ideal Ja for some A. We say S/Ia is the Stanley- Reisner ring of 
A. 

Definition 2.1 ([2I])- We say a Z n -graded S'-module M is squarefree, if the fol- 
lowing conditions are satisfied. 

(a) M is N n -graded (i.e., M a = if a G" N n ), and dim fe M a < oo for all a G N n . 

(b) The multiplication map M a 9t/w s b y G M a+ b is bijective for all a, b G N n 
with supp + (a + b) = supp + (a). 

A squarefree module M is generated by its squarefree part UfcN Thus ^ 
is finitely generated. For a simplicial complex A C 2^, Ja and S/Ia are squarefree 
modules. A free module S(—F), F C [n], is also squarefree. In particular, the 
Z n -graded canonical module u>s = S(— 1) of S is squarefree, where 1 = (1,...,1). 

Denote by Sq 5 (or simply Sq) the full subcategory of *Mod consisting of all the 
squarefree modules. In *Mod, Sq is closed under kernels, cokernels and extensions 
( \2A\ Lemma 2.3]). For the study of Sq, the incidence algebra of a finite partially 
ordered set (poset, for short) is very useful, as shown in [TH1I2ZI- In Section 4 of the 
present paper, we will use further properties of the incidence algebra (of a Boolean 
lattice). So we now recall basic properties of an incidence algebra for the reader's 
convenience. See §111.1] for undefined terminology. 

Let P be a finite poset. The incidence algebra A = I(P, k) of P over k is the k- 
vector space with a basis {e x ^ y \ x,y G P with x > y}. The A;-bilinear multiplication 
defined by e x>y e z>w = Sy )Z e x>w makes A a finite dimensional associative fc-algebra. 
(The usual definition is the opposite ring of our A. But we use the above definition 
for the convenience in a later section.) Set e x := e X)X . Then 1 = J2x&p e x an d 
e x e y = 5 X)V e x . We have A = a , gP Ae 3; as a left A-module, and each Ae x is 
indecomposable. 

An incidence algebra A is the algebra associated with a quiver with relations. For 
a poset P, we consider the quiver F = {T , Ti} with T = P and 

Ti = { x ■ * — • y | x,y G P, x > y, but there is no z G P with x > z > y }. 

So T is (essentially) the Hasse diagram of P. Set 

P '■= {Pi ~ P2 | Pi and P2 are paths of T with s(p\) = s(p2) and e(pi) = e{p2) }, 

where s(pi) and e(pi) represent the initial vertex and the final vertex of Pi re- 
spectively. Let k(T,p) be the algebra associated with (r,p). Then we have an 

isomorphism ip : k(T, p) ^ A. Here, if [p] is the residue class containing a path p 
of r, we have ^([j 9 ]) = e x, y , where x = e(p) and y = s(p). 
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Denote the category of finitely generated left A-modules by modA- If N G 
modA, we have iV = @ xeP N x as a fc-vector space, where N x := e x N. Note 
that e X) yN y C N x and e XjV N z = for y ^ z. If / : iV — > N' is a morphism in 
modA, then f(N x ) C iV^. Under the isomorphism A = /c(r,p), modA is equivalent 
to the category Rep(T,p) of representations of (T,p) by 2, III, Proposition 1.7]. 
If (V, /) G Rep(r, p) corresponds to iV G modA, then N x = V(x) for x G P. 
We have explicit descriptions of simple objects, indecomposable projectives, and 
indecomposable injectives in mod A — Rep(r,p), see §111. 1]. 

Let 2^ be the Boolean lattice (i.e., we regard the power set 2^ of [n] as a 
poset by inclusions), and A = I(2^ n \k) its incidence algebra. For M G Sq, set 
$(M) := N = Fc[n] N F to be a k- vector space with M F = N F . Then N has a 
left A-module structure such that the multiplication map N F 3 y \— > eo,FV e 
for G D F is induced by M F 3 y t— > x^ G ^y G Mg. It is easy to see that $ gives 
a covariant functor Sq — > modA- Recall that A = k(T, p), where T is a quiver 
whose set of vertices is 2^, and modA — R e p(r ; p)- If M is a squarefree module, 
$(M) corresponds to the representation (V, /) G Rep(T,p) with V(F) = Mp and 
fFu{i},F ■ V{F) = M F 3y^ Xi ye M Fu{i} = V(FU{i}) for F C [n] and i G [n]\F. 
In j2B], the author used sheaves on a poset to understand squarefree modules. But 
this notion is equivalent to that of representations of (r, p) in our context. 

Proposition 2.2 ([2HII2ZI)- Let A = I(2^- n \ k) be the incidence algebra. The functor 
$ constructed above gives an equivalence Sq = modA. 

For a subset F C [n], P F denotes the monomial prime ideal (xi \ i G" F) of S. 
The next result follows from Proposition 12.21 and [2, §111. 1]. 

Corollary 2.3 (|2S])- Sq is an abelian category, and has enough projectives and 
injectives. An indecomposable projective (resp. injective) object in Sq is isomorphic 
to S{—F) (resp. S/P F ) for some F C [n]. For any squarefree module M, both 
proj. dim Sq M and inj. dim Sq M are at most n. 

Many invariants of squarefree modules are naturally described in terms of A. For 
example, if M is a squarefree module with A^ := $(M), dims M = max{ \F\ | N F ^ 
} = n — min{ % \ Ext A (A^, A) ^ } and proj. dim 5 M = proj. dim A A^ = max{ i \ 
Ext A (A^, A) ^ }. See Remark ET3I below for information on Ext A (A^, A). 

We also remark that Sq admits the Jordan-Holder theorem and the Krull-Schmidt 
theorem and a simple object in Sq (i.e., a non-zero squarefree module without non- 
trivial squarefree submodule) is isomorphic to (S/ P F )(—F) for some F. 

Definition 2.4 ([23). A Z n -graded 5-module M = aeZ> M a is called straight, if 
the following two conditions are satisfied. 

(a) dimfc M a < oo for all a G Z n . 

(b) The multiplication map M a 9|/h x°y G M a+ b is bijective for all a G Z n 
and b G N n with supp + (a + b) = supp + (a). 

For a Z n -graded 5-module M = agZ n M a , we call the submodule aeN n M a 
the W- graded part of M, and denote it by Af(M). If M is straight then Kf(M) 
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is squarefree. Conversely, for any squarefree module N, there is a unique (up to 
isomorphism) straight module Z(N) whose N n -graded part is isomorphic to N. For 
example, Z(S/P F ) = *E(S/P F ), where *E(S/P F ) is the injective envelope of S/P F 
in *Mod. Denote by Strs (or simply Str) the full subcategory of *Mod consisting 
of all the straight S'-modules. 

Proposition 2.5 ([23 Proposition 2.7]). The functors M : Str — > Sq and Z : 
Sq — > Str give an equivalence Sq = Str. 

Let Com b (Sq) be the category of bounded cochain complexes of squarefree mod- 
ules, and P b (Sq) the bounded derived category of Sq. A squarefree module M can 
be regarded as a complex ■ • ■ — > — ► M — ► — > ■ ■ ■ with M at the th place. For 
a complex M* and an integer p, let M*[p] be the p th translation of M* . That is, 
M'[p] is a complex with AP[p] = M i+P and d M[p] = (-l) p d M . 

A complex M* G Com fe (Sq) has a projective resolution P* G Com b (Sq). That 
is, there is a quasi-isomorphism P* — > M" and each P* is projective in Sq. We 
say P* is minimal if <ip(P 4 " 1 ) C mP* for all z. A minimal projective resolution 
of M* G Com b (Sq) in Sq is a Z n -graded minimal S'-free resolution of M* . Under 
the same notation as Proposition 12.21 a projective resolution P* G Com fe (Sq) is 
minimal if and only if so is Q* := $(P*) G Com b (modA), that is, oIq{Q' 1 '' 1 ) C rQ* 
for all %. Here t = (e^g | F 3 G) is the Jacobson radical of A. Hence every 
M* G Com fe (Sq) has a unique minimal projective resolution, and any projective 
resolution is a direct sum of a minimal one and an exact complex. Let P* be a 
minimal projective resolution of M* G Com b (Sq). We define Pi(F, M") G N so that 

p-i S 5(-P) ft ( F ' A/ *). 

FC[n] 

Similarly, every M* G Com fe (Sq) has an injective resolution I* G Com 6 (Sq). 
That is, there is a quasi-isomorphism M* — > 7* and each J* is injective in Sq. We say 
I* is minimal if P is a *essential extension of ker(c?}) for all i (i.e., Lflker(c?}) ^ {0} 
for any non-zero Z n -graded submodule L of J 1 ). As projective resolutions, I* is 
minimal if and only if so is J* := $(/*) (i.e., each J 1 is an essential extension of 
ker(dj)). Thus every M* G Com fe (Sq) has a unique minimal injective resolution, 
and any injective resolution is a direct sum of a minimal one and an exact complex. 
For M* G Com b (Sq) and F C [n], we define natural numbers fl l (F, M') so that 

r 9i (s/p f )^ f ' m '\ 

Fc[n] 

where I* G Com b (Sq) is a minimal injective resolution of M* . If J* G Com 6 (Sq) 
is a (minimal) injective resolution of M* G Com b (Sq), then Z(I') is a (minimal) 
injective resolution of Z(M') in *Mod. Hence 

?(F } M')=S(P F ,Z(M')) } 

where yU 4 (— ) is the usual Bass number of a complex (cf. [TU]). 

Note that /3j(P, — ) and /2 l (P, — ) are invariants of isomorphic classes in P 6 (Sq). 
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For M* and N', we define a complex Horn* (M*, N*) by Hom l s (M *, N') = 
U j& Hom 5 (ikP, N i+ i) and the differential d\f) = ( {-lYf j+1 d^ + <F+ j fj ) j& for 
/ = {fj) j& G Homg(M*, N'). Note that if M', N* G Com fe (*Mod) and each M i 
is finitely generated then Horn* (M*, N*) G Com fe (*Mod). 

Lemma 2.6. Let I* be a (not necessarily minimal) injective resolution of M* G 
Com fe (Sq). For F C [n], we have 

Ji\F,M') = dim k [W(Rom s (S/P F ,I'))] F . 

Proof. If E* G Com b (Sq) is an exact complex consisting of injective objects, then 
E* splits and Horn* (S/Pf, E') is clearly exact. So we may assume that I* is 
minimal. Note that Hom s (S/P F , S/Pq) is isomorphic to S/Pq if F D G, and 
otherwise. Hence we have [Hom^(S'/Pp, I*)]f — k^ % ^ F,M > and the differentials of 
[Horn* (S/Pp, I')]f are 0. So we are done. □ 

3. Functors on the Derived Category of Squarefree Modules 

Let A be the incidence algebra of 2' n l If iV G modA, then Homfc(iV, k) has a 
right A-module (i.e., a left A op -module) structure such that (/A) (a) = f(Xa) for 
A G A and a G N, see (21 §11- 3]. But the opposite ring A op of A is isomorphic 
to A itself by A op 3 e FyG h-> e G c iF c G A, where F c := [n] \ F. Thus Hom fc (-,A;) 
gives a contravariant functor from modA to itself. By the equivalence Sq = modA 
of Proposition Y2.2\ we have an exact contravariant functor from Sq to itself. We 
call this functor the Alexander duality functor, and denote it by A. We have 
A o A = Id Sq , see II, Theorem 3.3]. 

The functor A was defined independently by Miller ^3] and Romer [20] extending 
an idea of Eagon- Reiner jH]. But their constructions of A are different from the 
above one. Romer's definition is similar to ours, but it uses squarefree modules 
over an exterior algebra. Miller's definition uses straight modules and the Matlis 
duality. In fact, we have A(M) = Af(* Hom s (Z(M), *E(k))(-l)). 

It is easy to see that A(M) F is the fc-dual of M F c, and the multiplication 
A(M) F 3 y i-> Xiy G A(M) Fu ^ for i g" F is the fc-dual of M F c\^ 3 y i-> 
Xiy G M F c For example, A(S(-F)) = S/P F c and A(S/I A ) = Ia*, where A* := 
{F C [n] | F c G' A} is (Eagon-Reiner's) Alexander dual complex (8 ) of A. 

A complex I' G Com 6 (Sq) is a (minimal) injective resolution of M* if and only 
if the Alexander dual A(/*) is a (minimal) projective resolution of A(M'). Hence 
we have fx^F, AT) = A(F C , A(M*)). 

The following is a key lemma of this section. 

Lemma 3.1 ( |25t Lemma 3.20]). For a squarefree module M and a subset F C [n], 
Af (Horns (M, *E(S/P F ))) is isomorphic to (M F )*® k (S/P F ). Here (M F )* is the dual 
k-vector space of M F , but we set the degree of (M F )* to be (since it is essentially 
Hom fc (M^, [S/P F ] F )). In particular, Af(H.om s (M,*E(S/P F ))) is squarefree. 

Let lu' be a minimal injective resolution of Us[n] in *Mod (according to the usual 
convention on dualizing complexes, we use oos[n] instead of ujs itself). The complex 
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uj* is of the form 

(1) u' : — ► u- n — > u- n+1 — > > uj° — ► 0, 

u i = *P(S/P F ), 

Fc[n] 
|F|=-i 

and the differential is composed of (-1)^> F ) ■ nat : *E(S/P F ) -> *E(S/P F \ {j} ) for 
j G F, where nat : *E(S/P F ) — > *E(S/ P F \{j}) is induced by the natural surjection 
-> 5/P n{i} , and a(j, F) := #{« 6 F | ? < j}. See §5.7]. 

Proposition 3.2. Lei M* G Com b (Sq), and P* G Com h (Sq) zis projective resolu- 
tion. Then J\f(Rom* s (M*,u)')), A/"(Hom* (P*, cu')) and Horn' (P*, w^fn]) belong to 
Com fe (Sq), and are isomorphic in P/(Sq). 

Proof. By Lemma EH1 J\f(Kom' s (M*,uj')) and JV(HomJ(P', w")) are in Com b (Sq). 
Since Rom s (S(-F), to s ) S S(-F c ), Horn* (P*, w 5 [n]) also belongs to Com b (Sq). 
Applying ^T] Exercise III 5.1] to *Mod, we have Z n -graded quasi-isomorphisms 
Horn* (M', a;') -> Hom^P',^') and Hom^P', w 5 [n]) -> Hom^P*, w'). Hence we 
have quasi-isomorphisms 

JV(Hom£(M',w*)) ^jV(Hom'(P*,o;*)) 

and 

Hom'(P*,cj s [n]) = jV(Hom^(P*,a;s[ri])) -»• jV(HomJ(P",a;")). 

□ 

It is easy to see that D : M* > A/"(Hom* (M", to')) defines a contravariant functor 
from P/(Sq) to itself. If P* is a projective resolution of M', Horn* (P*, ^[n]) and 
A/"(Hom* (P*, a;*)) are isomorphic to D(M*) in P/(Sq) by Proposition 13.21 Hence 
PP(D(M*)) = Ext n s +i (M\u s ) and D o D = Id D6(Sq) . 

Remark 3.3. Let A be the incidence algebra of 2™. For N G modA, the right 
A-module Hohia(./V, A) can be seen as a left A-module by the isomorphism A op = A 
given in the beginning of this section. Similarly, Ext A (iV, A) G modA- Let $ : Sq — ► 
modA be the functor of Proposition ^. 21 and let Ps q (resp. Pa) be the full subcate- 
gory of Sq (resp. modA) consisting of projective objects. Then the homotopic cat- 
egories K b (P Sq ) and K b (P A ) are equivalent to D b (Sq) and D b ( modA) respectively. 
Both Hom*($(— ), A) and $oHomg(-, uo s ) define functors from K b (Sq)(= P 6 (Sq)) 
to K b (P A )(= D b (modA)) and the isomorphisms 

Hom A ($(<S(-F)),A) = Hom A (Ae F ,A) = Ae F < S <S>(Romg(S(-F), oo s )) 

give a natural equivalence Hom'($(- ), A) = $ o Horn* (— , oog). Hence if M is a 
squarefree module, then Ext A ($(M),A) = $(Ext s (M, u>g)). Moreover D corre- 
sponds to the right derived functor MHom'(- , A) up to translation. 

For N G mod A , we have Rom k (N, k) = Hom A (iV, E) as left A op (= A)-modules, 
where E is the injective envelope of A/r as a left A-module, see [21 §11. 3]. So A is 
a representable functor too. 
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Let I* be a minimal injective resolution of M* G Com fe (*Mod) in *Mod. For 
a G Z n and i e N, let //(m, M') a be the number of copies of *E(S/m)(a) which 
appear in the Krull- Schmidt decomposition of P. 

Proposition 3.4. If M* G D b (Sq), then yU l (m, M') a ^ implies a is squarefree. 
Moreover //(m, M m ) F = A(F, D(M*)) /or a// F C [n]. 

Proof. Since Hom 5 (S'(— a), *E(k)) = *F(/c)(a), the argument of [EH Theorem 3.6] 
also works here. □ 

For a squarefree module M, we can describe D(M) = A/"(Hom*(M, u;*)) explicitly. 
By Lemma f3. 11 we have 

(2) D(M) : — ► D~ n (M) — ► D~ n+1 (M) — > ► D°(M) — ► 0, 

D*(M) = (M F )*® k (S/P F ). 

Fc[n] 
\F\=-i 

As in the lemma, the degree of (M F )* is G Z". The differential is composed of 
the maps 

. ( v .y ® k nat : (M F y ® fc S/P F - (M n{i} )* ® fc S/Pf\o} 

for j G F. Here (%)* is the fc-dual of the multiplication map Vj : Mi?\{j} 3 y i— > 
Xj?/ G Mi? and "nat" is the natural surjection S'/Pp — > S/P F \{jy. Note that D(M) 
is a complex of injective objects in Sq and it is minimal. Thus we have 



/T(F,D(M)) 



dinifc M F if i = —\F\ 
otherwise. 



For a complex M* = {M l ,5 1 } G Com b (Sq), we can also describe the complex 
D(M*) in a similar way. In fact, 

D'(M') = D*(M') = (M F )*® h (S/P F ), 

i-j=t -\F\-j=t 

and the differential is given by 

D*(AT) D (M£)*® fc (S/P F ) 9 x®y i-> d D(MJ) (x®y)+(-l)*(5*(x)®y) G D m (M'), 

where 5* : (M F )* -> (M j F ~ 1 )* is the fc-dual of tfjr 1 : M^T 1 -> M^, and d D (Mi) is 
the -|P| th differential of D(AP'). The complex D(M') is a complex of injective 
objects, but it is not minimal in general. 

Proposition 3.5 (cf. [23 Proposition 3.8]). If M' G Com 6 (Sq) ; then 

j2*(F, AT) = ^(P F ,Z(M')) = dim k [Ext^ |Fhi (M*,cu 5 )] F . 

Proof. Since D 2 = Id Sq , it suffices to show /^(F,D(AT)) = dim^H'^^M')]^ 
To see this, we use Lemma 12.61 The differential dniMi) induces the zero map on 
[HomJOSyPjr, D(M*))] i? . Thus the complex [Horn* (S/P F , D(M'))] F of £;-vector 
spaces is isomorphic to the complex (MJJ.)*[ |P| ]. So we are done. □ 

The next result was proved in f2"Tl Theorem 2.6] for the module case. 
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Corollary 3.6. If M* G Com b (Sq) ; then 

b{F,W) = dim fc [Ext^ h4 (A(M'),^ s )] F c. 
Proof. We have fc(F, M') = fi l (F c , A(M*)) = dim fe [#-l FC H(D o A(M*))] F c □ 
Let M be a squarefree module. Next we will describe the complex 
F(M) := A o D(M) = A(7V(Hom'(M, w'))). 

For each F C [n], (Mp)° denotes a fc- vector space with a bijection : Mp — > 
(M F )°. We denote e (M F )° by y°, and set deg(y°) = 0. (The essential 

meaning of M F is the /c-dual of Homfc(Mp, (S / Pf) f) •) Then 

F\M) = 0(M F )°® fc 5(-F c ) 

|F[=i 

and the differential map is given by 

d(y° ®s) = J2(-^) aU ' F) ^3V)° ® 

Since A is faithful and exact, we have the following. 

Corollary 3.7 (cf. Theorem 2.10]). For all i G Z and a// M G Sq, we /lave 
H\F(M)) = A(Ext3 _i (Af,u; s )). in particular, H\F(M)) = /or aZH J d i/ and 
only if M is a Cohen-Macaulay module of dimension d or M = 0. 

For a complex M* = {M l ,5 1 } G Com 6 (Sq), we can also describe F(M') = 
A o D(M') in the following way: 

F\M') = F(M j ) = (M F )° ® fc S(-F c ), 

i+j=t \F\+j=t 

and the differential is given by 

F\M') D (A4)°® fc S(-F c ) 3 i- ^ (M , ) (y°(2)s)+(-l) t ^(y )®s G J^ +1 (AT). 

Here ^ (MJ) is the |F| th differential of F(M j ), and 5 j : (M F )° -> {M F +1 )° is induced 
by 5 J ' : M- 7 — > M J+1 . Note that F(M') is a complex of projective objects, but not 
minimal in general. 

Let P* be a minimal projective resolution of M* G Com fc (Sq). Thus 

pi = 

Fc[n] 

For an integer i, the i-linear strand PJV is defined to be the complex such that 

P l*) = S(-F)W> 

\F\=i~j 

is a direct summand of P J and the differential PL — > P^ 1 is the corresponding 
component of the differential P J — ► P J+1 of P' (so this map is represented by a 
matrix of linear forms). The next result generalizes |2*1*1 Theorem 4.1]. 
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Theorem 3.8. If M* 6 D b (Sq), the i-linear strand PT* of M* is isomorphic to 
^(Exf s (A(M'),^))[n-z]. 

The following is immediate from Corollary 13.71 and Theorem 13.81 

Corollary 3.9 (Romer [21] )• Let M be a squarefree module. Then M is componen- 
twise linear (i.e., the i -linear strand P'^ is acyclic for any i) if and only if A(M) is 

sequentially Cohen- Macaulay (i.e., Ext^(A(M), uug) is a Cohen- Macaulay module 
of dimension n — i for all i). 

To prove Theorem 13.81 we reconstruct P'^ using the spectral sequence. Let Q' 

be a (not necessarily minimal) projective resolution of M* G Com 6 (Sq). Consider 
the m-adic filtration Q* = F Q* D F t Q m D • • • of Q* with F(Q' = m*Q*. Set 
gr m (M) := i>o m*M/m J+1 M for an S'-module M, and regard it as a module over 
gr m S = ©i> mVm i+1 = S. Since Q t is a free S-module, Q\ := ® p+q=t E p ' q = 
>0 m p QV mP+1 Q' = g r m Q' ^ isomorphic to Q l (if we identify gr m 5 with S). 
The maps : — > Eq' 9+1 make Q* a cochain complex of free gr m (S')-modules. 
Consider the decomposition Q* = P' © C, where P* is minimal and C* is exact. 
If we identify Q with Q t = P l © C*, the differential do of Q* is given by (0,dc)- 
Hence we have Q\ = p+g=i E p { q = P*. The maps d p { q : £f' 9 = m p P7m p+1 P' -> 
= m p+ipt+i/ m p+2pi+i makeg g. a cochain com plex of free gr m (S)(^ 5)- 
modules whose differential is the "linear term" of the differential dp of P*. Thus, 
under the identification Q\ = P*, the complex Q\ is isomorphic to © i6 zP/*\- 

Proof of Theorem Iff.fl Since AoDoDoA = Id^gq), it suffices to prove the 
z-linear strand of A o D(M*) is isomorphic to J r (H~ n+t (M'))[n — i\. Recall that 
T(M') = A o D(M") is a complex of projective objects. Set Q* = J-'(M'), and 
consider the m-adic filtration FiQ* = m l Q* of Q*. Under the above notation, the 
differential d* : Q* ^ JF*(M') -> Q^ +1 = jF m (M') is given by (— 1)*<5. Thus 

Qi = ^'(M-)© fc 5(-F c )= 0^(^(M')), 

|F|+i=t l+j=t 

and the differential of Q\ is induced by that of JF(M J ). Hence we can easily check 
that Q\ is isomorphic to jF(f/"- ? (M , ))[— j]. By the remark before this proof, 

the i-linear strand of A o D(M') is isomorphic to T{FI ~ n+l {M*))[n — i]. □ 

Theorem 3.10. We have a natural equivalence DoAoDoAoDoA = T 2n in 
D b (Sq), where T is the translation functor (i.e., T 2n : M* \— > M'[2n]). 
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Proof. For M' = {M\ <?} E Com 6 (Sq), the complex Horn* (.F(M'), u s [n]) is iso- 
morphic to D o A o D (M*) in D b (Sq). We have 

Hom l 5 (^(M-),^[n]) = Hom s ( {M F )° ® k S(-F c ), u s ) 

-i-n=\F\+j 

= (Mir ® k s(-f) 

-i-n=\F\+j 

= (M-r® k s(-F). 

i=-n-\F\+j 

Here we simply denote the dual vector space of (Mp J )° by (Mp J )*, since (Mp 1 ) = 
Mp J as k- vector spaces (only the degrees are different). Also here deg(Mp')* = 
OeZ n . The differential of Hom^j^M*), u s [n]) is given by 

(M" J r ®k S(-F) 3y®s^ J2(-V a{l ' F)+n+lFhj vXv) ® zjs + (-l) n_1 ^(y) <g> s, 

where : {Mp 1 )* -> (M~^ J} )* is the £;-dual of t>z : 9 z h» ijz e M^, and 

5* : (Mp 3 )* -> (M^ J_1 )* is the A;-dual of tf-''" 1 : M"^ 1 -> Mf J '. 

Similarly, J r (A(M')) represents A o D o A (AT) in D b (Sq), and we have 

r(A(M')) = (A(Mi) F y® k S(-F c ) 

i=\F\+j 

= (Mpiy ® k s(—F c ) 

i=\F\+j 

= (M?)*® k S(-F). 

i=n-\F\+j 

Also here, we simply denote (A(M" J »° = ((M~ c j )*)° by (M F t)*- The differential 
of the above complex is given by 

(Mp J y ® fc 5(-F) 9 1,8m ^(_l)«(^ c ) ® XjS + (_i)l^ s . 

l&F 

For an integer Z G Z, set /3(Z) := 1 if I = 1, 2 (mod 4), and /3(Z) := if I = 3, 
(mod 4). We also set a(A,B) := #{(a,b)\a > b,a £ A,b E B} for A, B C 
[n]. Then the multiplication by (-iy( F M)+t3(\F\-j)+\F\n +j Qn (Mp)* ® fc S(-F), 

which can be regarded as a submodule of both Hom^^+^M*), u s [n]) and 
^-l F l+J'(A(M')), induces quasi-isomorphism between Horn* (JF(M*), k>s[n]) and 
T 2n o ^(A(M')). SoDoAoD = T 2n oAoDoAasa functor on D b (Sq). Since 
(A o D o A) o (A o D o A) = Id D 6( Sq ), we get the assertion. □ 



12 



KOHJI YANAGAWA 



Example 3.11. For Fc [n], we have the following. 

D0A0D0A0D0A (S(-F)) 

= DoAoDoAoD (S/P F c) 

= DoAoDoA ((S/P F c)(-F c )[-\F\ + n]) 

= D o A o D ((S/P F ){-F)[\F\ - n}) 

= BoA((S/P F )[n]) 

= V(S(-F<)[-n]) 

= S(-F)[2n}. 

4. Relation to Koszul duality 

Let S = k[xi, . . . polynomial ring as in the previous sections, and 

E :— f\ S* — k(ei, . . . , e n ) an exterior algebra. E is a Z n -graded ring with deg(ej) = 
(0, . . . , 0, —1, 0, . . . , 0) = — deg(xj) where —1 is in the i th position. When we regard 
S and E as Z-graded rings, we set deg(a;j) = 1 and deg(ej) = — 1 for all i. In this 
paper, .E-modules are left -E-modules unless otherwise specified. For a Z n -graded 
£'-module M and a G Z n , M a means the degree a component of M, and M(a) is 
the shifted module with M(a)b = M a+ b as in the polynomial ring case. 

Denote the category of finitely generated Z-graded S'-modules (resp. .E-modules) 
by modg (resp. modg). Although mods an d mod F are far from equivalent, 
a famous theorem of Bernstein-Gel'fand-Gel'fand j3] states that D b (mo&s) = 
D b (mod E ) as triangulated categories. First, we will see that this equivalence also 
holds in the Z n -graded context. Denote the category of finitely generated Z n -graded 
S'-modules (resp. -E-modules) by *mod s (resp. *mod B ). 

There are several papers concerning the Bernstein-Gel'fand-Gerfand correspon- 
dence. But their conventions are not quite the same. In this paper, we basically 
follow [TO], which is well suited for our purpose. Here we give functors defining 
D b (*mod s ) = D b (*mod E ). For M G *mod s , we define K{M) = Hom fc (£(-l), M) 
to be a Z n -graded cochain complex of free .E-modules as follows. (The original defi- 
nition is TZ(M) = B.om k (E, M), but we use this grading. We will also shift the grad- 
ing of C(N) defined below.) We can define a Z n -graded left E- module structure on 
Hom fc (E(-l),M a ) by (tx/)(e) = f(ea). Then Hom fc (£(-l), M a ) £(- a )® dim * M *. 
Set the cohomological degree of Hom k (E(— 1), M a ) to be | |a| | := YujeM a r ^ ne 
ferential of 1Z(M) is defined by 

Hom*(£(-l), M a ) 3 f h-> [e h-> ^ xJiae)] G Hom fc (£(-l), M a+e J, 

where Si G W 1 is the squarefree vector whose support is {i}. We also define the com- 
plex TZ(M') = igZ Hom fc (£(-l),M J ') for a complex M* = {M j ,5 j } in *mod s . 
The cohomological degree i component of IZ(M') is ©j =J - + i| a |i Homfc(£'(— 1), M|) 
and the differential is given by 

TV (AT) D Hom fc (£(-l), Ml)3f^ d n(MJ) (f) + o /) G TZ l+1 (M'), 
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where djitMi) is the ||a|| th differential of 72.(M- 7 ). We can apply 72. to a Z-graded 
complex M* G Com 6 (mods) (in this case, we replace S{— 1) by S(—n)). Then 
72 is equivalent to the functor given in |U |3J [TU] up to degree shifting. For M* G 
Com b (*mods), IZ(M') has only finitely many non-vanishing cohomologies. And 72 
induces a covariant functor from D b (*mods) to D b (*modE), which is also denoted 
by 72. 

Next, we will define the functor C : Com b (*mods) — > Com b (*mods). Set 
C(N') = © iez 5(-l) ® k N* for a complex N' = {N^d*} in *mod E . The co- 
homological degree of C(N') is given by O(N') = © i=J -_|| a | S(—l) ®k N[. And 
the differential is defined by 

C(N') D S(-l) ® k N 3 a 3 s ® y h-> ^ Xl s ® e,j/ + (-l)*(s ® 5%)) G £ m (A'). 

/G[n] 

If we apply £ to Z-graded complexes, it is equivalent to the functor given in [UEHE]] 
up to degree shifting. If N* is bounded, so is C(N'). And C induces a covariant 
functor from 7J b (*mod£) to 7J 6 (*mods), which is also denoted by C. 

In the Z-graded case, Bernstein-Gel'fand-Gel'fand j3] (see also E3) states 
that C : Com b (mod£) — > Com fe (mods) is a left adjoint to 72 : Com fe (mods) — > 
Com fe (mod£;), that is, we have a natural isomorphism 

^:Hom Comb(mods) (£(iV-),M-) -^U Hom Comb(modB) (iV, 72(M')) 

for M* G Com 6 (mods) and N* G Com 6 (mod^). Moreover, the map £o72(M') — > 
M* associated to the identity map 72(M*) — > 72(M*) is a quasi-isomorphism. Simi- 
larly, the map AT" — > lZo£(N*) associated to the identity map C(N*) — >■ C(N*) is a 
quasi-isomorphism. Hence 72. and £ define an equivalence 7J 6 (mods) = /J b (mod£). 
We can regard a Z n -graded module as a Z-graded module by Mj = ®|| a i| =i M a . 

In this sense, Com fe (*mods') and Com 6 (*mod£) are (non-full) subcategories of 
Com b (mods) and Com^mod^) respectively. If M* G Com 6 (*mods') and N* G 
Com 6 (*mod£;), then the restriction of gives the isomorphism 

Hom Com6( , mods) (£(iV),M-) = Hom Com6( , modB) (iV,72(M-)). 

Thus the quasi-isomorphisms CoTZ(M') — > M* and N° — > 72o£(jV') are Z n -graded. 
Hence we have the following. 

Theorem 4.1 (BGG correspondence (Z n -graded version)). The functors 72 and L 
define an equivalence of triangulated categories D b (*mods) = D b (*modE) ■ 

The functors 72 and L are closely related to D and A of the previous section. To 
see this, we recall the definition of a squarefree module over E. 

Definition 4.2 (Romer [2D])- A Z n -graded ^-module N = ® agZ n N a is squarefree 
if N is finitely generated and N = ® FC [ n ] N_ F . 

For example, a monomial ideal of E is always squarefree. We denote the full 
subcategory of 'modg consisting of all the squarefree ^-modules by Sq E . We 
have the functors S : Sq E — > Sq s and £ : Sq s — ► Sq £ giving an equivalence 



14 



KOHJI YANAGAWA 



Sq s = Sq E . Here S(N) F = N_ F for iV G Sq E , and the multiplication map 
S(N)p 3 y h-> Xiy G S(N) FU {i} for i F is given by S(N) F = N^ F 3 z i-> 
(— l) a( - hF ^ eiZ G N-(Fu{i}) = iS(A^)^ U {j}. See [20] for further information. 

We have F> fe (Sq 5 ) = Z>| (*mod s ) by PH Exercises III 2.2 ] (but use projective 
resolutions instead of injective resolutions). So P b (Sq 5 ) can be seen as a full 
subcategory of D b (*mods). On the other hand, for iV G *mod£, set 

N' := M a and N" := AL a C N'. 

aeN n aeN n and a is 

not squarefree 

Note that N' and N" are F-modules, and Af(N) := N'/N" is squarefree. If all 
cohomologies of N* G Com^modg) are squarefree, then Af(N') and N* are iso- 
morphic in D b (*mod E ). Hence we have Z)| qB (*mod^) = D b (Sq E ). 

Comparing £ and T = A o D defined in the last section, we have the following. 

Proposition 4.3. If N' is a (bounded) complex of squarefree E-modules, then 
C(N') = S(—l) ®fc N' is a (bounded) complex of squarefree S -modules. Hence £ 
gives a functor from D b (Sq E ) to P/(Sq 5 ). Moreover, for M' G Com fe (Sq s ), we 
have £ o S(M') = A o D(M *) . 

On the other hand, TZ(M) is not a complex of squarefree .E-modules. In fact, a 
free F-module E(—&) is not squarefree unless a = 0. But we have the following. 

Proposition 4.4. If M' G D b (Sq s ), then IZ(M') G D| qB (*mod £ ) = D b (Sq E ). 
Moreover, we have a natural equivalence 5o^ = DoA. 

Proof. We have I' = AoDoDo A(M*) = £ o £ o D o A(M') in F> fc (Sq 5 ) (and 
in P/(*mod s )) by Proposition IO From Theorem O TZ(M*) =fto£o£oDo 
A(M') = ^oDoA(M') G D| qB (*mod £ ). Since So£ ^ Id D 6 {Sqs) , we are done. □ 

Let R = © i>0 Ri be an N-graded associative fc-algebra such that dim^ Ri < oo 
for all i and Rq = k m for some m G N as an algebra. Then r := ® i>0 Ri is the 
graded Jacobson radical. We say R is Koszul, if a left F- module R/x admits a 
graded projective resolution 

► P- 2 -> P" 1 -> P° -> F/t -> 

such that P~* is generated by its degree i component, that is, P~ % = RP[~ l (we say 
such a resolution is a linear resolution). If R is Koszul, it is a quadratic ring, and 
its quadratic dual ring R l (see Definition 2.8.1]) is Koszul again, and isomorphic 
to the opposite ring of the Yoneda algebra F(F) := © i>0 Ext^(F/t, R/x). 

Let gr .mod^ be the category of finitely generated Z-graded left P-modules. If 
R is a Koszul algebra with Ri = for i 3> 0, and F ! is left noetherian, we have 
functors 

DF : P/(gr.mod fl ) 3 N' ^ R ] ® flo JV' G £> ft (gr.mod fll ) 

and 

F>G : P/(gr.mod R! ) 9 M* i-> Hom Ro (P,M') G D 6 (gr.mod fl ) 
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giving the equivalence /^(gr.mod^ 

) = D b (gr .mod^i) called Koszul duality, see j^l 
Theorem 2.12.6]. The exterior algebra E is a Koszul algebra with E l = S. Thus 
the Bernstein-Gerfand-Gerfand correspondence is a classical example of Koszul 
duality. 

Let A be the incidence algebra of 2^ over k. Then A has an N-grading with 
deg(e FjG ) = \F\ G\. Note that A = Fc[n] ke F = k 2 " . For each i G Z, let 
gr.mod A (z) be the full subcategory of gr.mod A consisting of A G gr.mod A such 
that Nj = (&\ F i =i+ j Nf for all j G Z. The forgetful functor gives an equivalence 
gr.mod A (i) = mod A for all i G Z, and D ft (gr.mod A (i)) = £g r . modA(i) (gr.mod A ) 
is a full subcategory of D b (gr.mod A ). Since A/tA = ® FC [ n j ke F as left A-modules, 
and each ke F has a linear projective resolution 

► Aec — > Ae G -> Ae F -> A;e F -> 

|G| = |F|+2 |G| = |F|+1 

(here we regard Zce^p and Aec as objects in gr.mod A (|F|)), A is Koszul. To see 
this we can use Proposition 12.21 In fact, a minimal free resolution of a squarefree 
module (S/P F )(—F), which corresponds to ke F , is given by the Koszul complex 
with respect to {xj | i (jL F}. 

Lemma 4.5. The quadratic dual ring A ! of A is isomorphic to A itself. 

One might think A ! should be a "negatively graded ring", since A ! is generated 
by Hom Ao (Ai, Ao) as a Ag-algebra. But we use the same convention as [3] here, so 
we regard A ! as a positively graded ring with A^ = Hom Ao (Ai, A ). 

Proof. Let T := T Ao A! = A © A : © (A 1 © Af) A x ) © • • • = 0^ o Af be the tensor 
ring of Ai = (e Fu ^ jF \ F C [n], i $ F). (See § 2.7] for the linear algebra over 
a semisimple algebra A used here.) Then A = T/I, where 

I = ( eFu{i,j},Fu{i} <8> eFu{i},F - e FU {i,j},Fu{j} ® eFu{j},F Fc[n],i,j^F) 

is a two sided ideal. Let A J := Hom Ao (A 1 , A ) be the dual of the left A -module A^ 
Then A J has a right A -module structure such that (fa)(v) = (f(v))a, and a left 
A -module structure such that (af)(v) = f(va), where a G A , / G A*, v G A^ As 
a left (or right) A -module, A* is generated by { e FFu n\ \ F C [n], i ^ F }, where 

e *F,FU{i}( e GU{j},G) = &F,G &F<j{i}- 

Let T* = T Ao A* be the tensor ring of A*. Note that e* FFu ^ © e GGu{f\ 7^ if and 
only if F U {i} = G. We have that (AJ © Ao AJ) is isomorphic to (A x © Ao Ai)* = 
Hom Ao (Ai© Ao Ai, A ) via {f®g)(v®w) = g(vf(w)), where f,g G A* andv,u; G A x . 
In particular, 

i e *F,FU{i} ® e FU{i},-F , U{ij})( e i 7, U{i,i},FU{j} ® e^uli}^) = e FU {jj}. 

Easy computation shows that the quadratic dual ideal 

J 1 - = ( / g A* © A* | /(v) = for all v G J 2 C A x ® A x = T 2 ) c T* 
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of I is equal to 

( 6 *F,FU{i} ® e *FU{i},FU{i,j} + 6 F,FU{j} ® e FU{j},FU{i,i} I ^ C M J h 3 ^ 7^ 3 ) • 

The fc-algebra homomorphism defined by 

A 9 e f h e F c e Aq (= A ) and A a 9 e Fu{i}iF i-> (-^) a{t ' F) e* FlJ{i} Y yF c e A i 

gives a graded isomorphism A = A ! . □ 

Since A (= A ! ) is an artinian algebra, we have the functors DF and DG defining 
D b (gr.mod A ) = D b (gr.mod A i). In the next result, we will denote the contravariant 
functors from .D b (mod A ) to itself induced by D and A for D b (Sq) (under the 
equivalence Sq = mod A of Proposition 12. 2j) also by D and A. 

Theorem 4.6. Let the notation be as above. If N' G D 6 (gr.mod A (0)) ; then we 
have DF(N') G £> b (gr.mod A (n)) and DG(N') G D b (gr.mod A (-n)) under the 
isomorphism A 1 = A of Lemma \4 . 5\ By the equivalence gr.mod A (j) = modA, DF 
and DG give endofunctors of D 6 (mod A ). Then DF = A o D and DG = D o A as 
endofunctors of D b (mod\) . 

Proof. First, we recall the construction of DF : D fe (gr.mod A ) 3 N' \— > A ! £g> Ao 
N' G DH gr.mod A i) under the same notation as the proof of the previous lemma. 
Note that Aq = A = © FC [ n j ke F . The component (DF) t (N*) of cohomological 
degree t is t=i+ ^ A ! ® Ao A]. For A" G gr.mod A , a left A ! -module A ! Cg> Ao A" = 
©Fcfn] A ! ei? ®fc A 7 "^ is generated by { e F ® n F \ F C [n] and np G ATp }. If AT e 
gr.mod A (0), the degree of e F <%> n F is deg(e^) — deg(np) = —\F\. For N' = 
{N\ <?} G Com b (gr .mod A ), the differential of DF(N°) is given by 

(DFY(N') 9e F 8ii F H (-1)* e *F,Fu{i} ® ( eFu{i},F • n F ) + e F ® 5(n F ), 
see (3J Theorem 2.12.1]. 

— i 

The graded isomorphism A — ► A' makes M G gr.mod A i a graded left A- module 
(without changing the grading of M), and gives an equivalence gr.mod A i = gr.mod A 
From now on, we regard DF as an endofunctor of Z) b (gr.mod A ) by the equiva- 
lence gr.mod A i = gr.mod A . So we have DF(N) = © Fc [ n ] Ae^c ® fc N F for N G 
gr.mod A . If AT G gr.mod A (0), then the degree of e F c<gm F G Ae F cg) k N F C DF(N) 
is = |F C | -n. Thus DF(N) G gr.mod A (n). For N* G D ft (gr.mod A (0)), the 
cohomological degree of DF(N') is given by (DF) l (N') = ® t=j+ \ F \Ae F c <g) fc N F , 
and the differential sends e F c ® % G (DFY(N') to 

^(-1)* +Q( '' F) e F c j(Fu{/}) c ® ( e FuWiF • ra F ) + e F c ® 5(n F ). 

In Section 3, we study the endofunctor T = A o D on D b (Sq). Under the 
equivalence Sq = mod A of Proposition 12.21 this functor induces an endofunctor of 
D 6 (mod A ). We also denote it by AoD. Then for N' G -D fe (mod A ), the component 
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(A o D)*(iV*) of cohomological degree t is @ t= j + i F i Aepc (8> fc JV|,, and an element 
e F c ®n F G Ae F c ® fe iV F c(Ao D)*(iV*) is sent to 

e F c i(Fu{i}) c <g> ( e Fu{/}iF ■ n F ) + (-1)* <g> <J(n F ) 

by the differential. A quasi-isomorphism (DFY(N') 3 x \— > (— f ) /3( - t ~ 1 ^x G (A o 
D)*(iV*) gives a natural equivalence .DF = A o D, where (3{—) is the function 
defined in the proof of Theorem I3.1UI The natural equivalence DG = D o A can 
be proved in a similar way. □ 

5. Local Cohomology modules as holonomic D-modules 

In this section, we study a local cohomology module Hj AS). The following result 
was essentially obtained by Mustafa [T7] and Terai [23], and can be proved by the 
same argument as the proof of [23 Theorem 2.11]. 

Theorem 5.1 (cf. T71 123 12*3]). Let F/ A be the local cohomology functor with 
supports in I a- ThenTj A (cu') G D b (Stv) and Zo~D(S/ 1&) = T Ia (u'). In particular, 
Hl(S)(-l) = Hj A (u>s) = ZiEx^S/lA^s)). 

See |T""] IHZj for further results on minimal flat resolutions of Tj A (a;*) . 

In the rest of this section, we assume that char(/c) = 0. Let 

A := A n (k) = k(xi, . . . , x n , di, . . . , d n ) 

be the Weyl algebra acting on S, and let {-Fj}j> with Fj = (x a d h | |a| + |b| < i) 
be the Bernstein filtration of A. Here |a| = YH=i \ a i\ f° r a 

— (Ol, . . . , Qj n ). Then the 

associated graded ring grA := ® i>0 F^jF^x is isomorphic to the polynomial ring 
k[xi, . . . , x n , d\, . . . , B n ] of 2n variables. See, for example, [HJ. 

In [33J, the author pointed out that a straight S-module M has a holonomic 
module structure. But if we consider the Z n -grading, the left A-module structure 
given in j"""""j is somewhat unnatural. So we will give a more natural treatment here. 

Let M be a left A-module. Set 

(3) M rat := M a , where M a = { y G M | {xA) y = a iV for aU i }. 

Then M rat is an A-submodule with XjM a C M a+£ . and <9jM a C M a _ £r In particular, 
M rat is a Z n -graded S'-module. For example, S rat = S and the Z n -grading given by 
([21) coincides with the usual one. If a« ^ —1, the map M a 9 !/ h> x^?/ G M a+£i is 
bijective. In fact, its inverse is ^q-j- <9j : M a+e . — > M a . If M is a finitely generated 
left A-module, then dim^ M a < oo for all a G Z n . (In fact, if V C M a is a A;- vector 
subspace and M' := AV C M is the submodule generated by V, then M'nM a = ]/ 
by the construction. Since M is a noetherian A-module, M a is finite dimensional.) 
Hence M rat (— 1) is a straight S'-module in this case. 
While M rat = in many cases, we have the following. 

Proposition 5.2. Let mod^ be the category of finitely generated left A-modules. 
Then (— ) rat (— 1) : modyi — > Str is a dense functor. 
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Proof. If / : M — > N is an A-homomorphism, we have f(M a ) C N a for all a G Z n . 
So (— ) ra t(— 1) gives a functor. Next we prove the density. Let M be a Z n -graded 
S-module with M(— 1) G Str. We will define for y G M a as follows. 

(*) If dj 0, the map M a _ £i 9zh X{Z G M a is bijective, hence there is a unique 
element y' G M a _ £i such that Xiy' = y. Set d(y := aty'. If = 0, we set diy = 0. 

It is easy to check that (*) makes M a left A-module with M = M rat . □ 

In the situation of the proof of Proposition 15.21 (*) is not a unique way to make 
M an A-module. Consider the case n = 1 (i.e., S = k[x]). Set M := A/Axd. Then 
M has a fc-basis {1, x, x 2 , . . . , 9, d 2 , ...}. So M = M rat and M(-l) = cj 5 © 
as S-modules. Since <9M 7^ 0, the A-module structure of M is not given by (*). 

We say a finitely generated left A-module M is a straight A-module if M = M rat 
and its A-module structure is given by (*). If M and N are straight A-modules, 
then an A-homomorphism / : M — > N is nothing other than a Z n -graded S- 
homomorphism. Thus the category Str^ of straight A-modules is equivalent to 
Str 5 . 

A local cohomology module H}(S) has a natural A- module structure for any ideal 
I (cf. [H]). In the monomial ideal case, we have the following. 

Proposition 5.3. Let I a be a squarefree monomial ideal. Then H} AS) is a straight 
A-module (i.e., the A-module structure is given by (*)). 

Proof. Recall that H} AS) is the 2 th cohomology of the Cech complex C with 
respect to monomial generators of I a- Each term of C is a direct sum of copies of 
the localizations S x f of S at {x F ,x 2F , . . .}. Note that S x f(—1) = Z(S(—F C )) is a 
straight S'-module, and its A-module structure as a localization of S is give by (*). 
Thus C* is a complex of straight A-modules. The natural A-module structure of 
H} (S) = H l (C) is given in this way. So we are done. □ 

Usually, the canonical module u>s, which is a straight S'-module, is regarded as 
a right A-module using Lie differentials. So it seems that a straight S'-module M 
itself (not the shifted module M(l)) should be a right A-module. 

For a right A-module M, consider an A-submodule 

(4) M rat := M a , where M a = {y G M \ y (xA) = -a lV for all i }. 

If M is finitely generated, M rat is a straight S'-module by the same argument as 
left A-modules. Conversely, any straight S-module can be a right A-module with 
M rat = M as Proposition 15.21 . The right A-module Us satisfies u>s = (^s)rat, and 
the Z n -grading given by (jlj) coincides with the one given by Us — S(— 1). 

It is well-known that a left A-module M can be viewed as a right A-module, if 
we set yxi = x^y and ydi = —d^y for y G M. When we regard M as a right A- 
module in this way, we denote it by M4. Then (M^) rat = M rat (— 1) as S-modules. 
So the degree shifting by —1 also appears here. It is also noteworthy that, for a 
Z n -graded S-module M, the shifted module M(— 1) is straight if and only if so is 
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the graded Matlis dual * Homs(M, *E(k)). Related arguments for straight modules 
over a normal semigroup ring are found in §6 of fI7\ . 

Proposition 5.4. If M is a finitely generated left A-module, then M rat is holo- 
nomic. 

Proof. We may assume that M = M rat . Consider the filtration To C Ti C • • ■ 
with Ti := ^i a i<jM a of M. Then F^Tj C T i+ j for all i,j > 0, where {Fj} is the 
Bernstein filtration of A. Hence grM has a gr A-module structure. Moreover, grM 
is a Z 2n -graded gr A = k[xi, . . . ,x n , di, . . . , <9 n ]-module such that the degree of the 
image of y G M a , a G Z n , in grM is b G Z 2ra , where 

{Oi if % < n and dj > 0, 

—a,i_ n if i > n and aj_ n < 0, 
otherwise. 

It is easy to see that grM is a squarefree gr A-module, in particular, finitely gen- 
erated. If [grM]/ ^ for some I C [2n], then |/| < n. Thus dim gr A(grM) < n (if 
M^O, dim grj 4(grM) = n), that is, M is holonomic. □ 

Let M be a finitely generated left A-module. Then M admits a good filtration 
{Ti}i>o, that is, the associated graded module grM := ©j> o ri/Ti-i is a finitely 
generated gr A-module (cf. 0). We denote the set of minimal associated primes of 
grM as a gr A-module by SS(M). For Q G SS(M), we denote the multiplicity of 
the gr A-module grM at Q by e Q {M) (cf. A.3]). It is known that SS(M) and 
6q(M) do not depend on the particular choice of a good filtration of M. 

For F C [n], we denote the monomial prime ideal (xj | % G" F) + (dj \ j G F) of 
gr A = k[xi, ... ,x n ,di, ... ,d n ] by Qf- It is easy to see that Qf is an involutive ideal 
(i.e., closed under the Poisson product, see A.3]) of dimension n. Conversely, 
every involutive monomial prime ideal of dimension n is of the form Qp for some 
F. 

Proposition 5.5. Let M be a finitely generated left A-module. Then 

SS(M rat ) = {Q F I Mf-i ± 0} and e QF (M rat ) = dim fc M F -i. 

Here F represents the squarefree vector whose support is F C [n]. 

We need the following lemma. 

Lemma 5.6. Let M be a finitely generated left A-module with M = M rat . // M is 
not a straight A-module, then M is not simple as an A-module. 

Proof. Since M is not straight, there are some a G Z n , i G [n], and y G M a 
such that ai = and diy ^ 0. Let N := A(diy) be the submodule of M. Since 
Xi(diU) = 0"iU = 0, we have y G" N. Hence N ^ 0, M. □ 

Proof of Proposition^^ We may assume that M = M rat . Note that the submodule 
N constructed in the proof of Lemma 15.61 satisfies N = A rat . (More generally, if 
M = M rat , any submodule M' of M satisfies M' = (M') rat .) By Lemma we 
have a filtration = M C M x C ■ ■ ■ C M 4 = M such that Mi = (Mj) rat and 
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Mj/Mj_i is straight for each i. Recall that Str^ = Str^ = Sq s and a simple object 
in Sq is isomorphic to (S/ Pf){—F) for some F C [n]. So we may assume that 
Mi/Mi-! ^ Z(S/P F (-F))(1) =: L[F). Take the filtration F of L[F) given in the 
proof of Proposition 15.41 Then we have gr(L[F]) = (grA)/Qp- Hence SS(L[F]) = 
{Qf} and e Q F (L[F]) = 1. On the other hand, we have dim fe L[F] F > _ x = 6~f,f' for 
all F' C [n]. Since €q f ( — ) is additive, we are done. □ 

The characteristic cycle of H} A (S) as an A- module (i.e., eQ F (H} A (S)) for Qf G 
SS(H} (S))) was studied in [T], but we will give another approach here. The next 
corollary shows that Hochster's formula ( \22\ Theorem II.4.1]) on the Hilbert func- 
tion of H^S/Ia) is also a formula on the characteristic cycle of H j Ia (S). 

Corollary 5.7. Let I a be the Stanley- Reisner ideal of a simplicial complex A C 2™. 
For a// F C [n] and all i > 0, we have 

e Q F ( H i A ( S )) = dim k H n „ i+ \F\+i(fttA F; k), 
where lk A F = {G C [n] \ G C\ F = ® and F Li G E A}. 

Proof. By Propositions 15.31 and 15.51 we have eQ F (H} A (S)) = dim k [H % lA (u)s)}F- But 
dim k [H} A (u>s)]F = dim fc H n _ i+ ^ F \+i(}^A F; k) by Terai's formula (j23])- □ 

Remark 5.8. The relation between Hochster's formula and Terai's formula is ex- 
plained by the isomorphisms Af(H} A (cu s )) S Ext J s (5// A , u s ) = H^-^S/Ia)*, where 
(— )* means the graded Matlis dual. 
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